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We consider the process of quantum tunneling between the superconducting and paramagnetic
states of a nanometer-scale superconducting grain placed in a magnetic field. The grain is supposed
to be coupled via tunneling junction to a normal metallic contact that plays a role of the spin
reservoir. Using the instanton method we find the probability of the quantum tunneling process and
express it in terms of the applied magnetic field, order parameter of the superconducting grain and
conductance of the tunneling junction between the grain and metallic contact.
Recent advances in manufacturing of small elec-
tronic devices posed several questions in the theory of
nanometer-size superconductors related to their prospec-
tive applications [1]. One of the key issues is the behavior
of ultra-small superconductors, of the dimensions much
less than the coherence length ξ in the presence of a mag-
netic field. Of a special interest from both fundamental
and practical point of view are the dynamical processes
of switching between the superconducting and paramag-
netic states. Small grains can experience spontaneous
transitions due to quantum fluctuations. In this Letter
we investigate the process of quantum tunneling between
the superconducting and paramagnetic states of an ultra-
small superconductor.
In geometrically restricted superconductors the Zee-
man effect suppresses superconductivity at magnetic
fields exceeding Hspin = ∆/
√
2µB where ∆ is the order
parameter [2–4]. The orbital effect in small superconduc-
tors, which usually plays a major role, was discussed in a
pioneering work by Larkin [5]: In a dirty spherical grain,
∆τ ≪ 1, τ is the normal excitation relaxation time, the
orbital effect leads to suppression of superconductivity
at Horb ∼ Φ0/(r
√
D/∆), where Φ0 = hc/2e, D is the
diffusion coefficient, and r is the radius of the grain.
Tunneling switching effects appear in the paramagnetic
limit Hspin/Horb ∼
√
∆/d
√
l/r ≪ 1, where l = vF τ
is the mean free path, and d is the mean energy level
spacing. In the ballistic case (l ≃ r) this limit is achieved
only if ∆ < d corresponding to the strongly fluctuating
regime [6]. However in a platelet geometry with magnetic
field applied along the film Hspin/Horb ∼
√
∆/d
√
lb/S,
where b is the thickness and S is the area of the sample;
thus the paramagnetic limit can be easily achieved along
with condition ∆ ≫ d even in the ballistic case if the
ratio b/
√
S is sufficiently small.
We focus on the case where the Zeeman effect dom-
inates the orbital one while the order parameter ∆ is
larger than the mean level spacing d and investigate the
process of quantum tunneling between superconducting
and paramagnetic states. Since these two states are char-
acterized by different values of the total spin, such quan-
tum tunneling process can occur only in presence of pro-
cesses allowing for non-conservation of the total spin. We
consider the grain weakly coupled with a normal metal-
lic lead (plate) that plays a role of a spin bath. Our
final result for the probability of the quantum tunneling
between the superconducting and paramagnetic states is
P ∼ exp [N ln(βδEG/∆0 ) ] (1)
where the numerical coefficient β ≈ 1.1, the factor N
is the number of polarized electrons in the paramagnetic
state of the grain, G is the conductance of the tunneling
junction between the grain and the metallic lead mea-
sured in units e2/h, ∆0 is the order parameter of the
grain in the superconducting state and NδE is the to-
tal energy difference between the grain’s superconduct-
ing and paramagnetic states. The factor N is related to
the applied magnetic filed H and the average density of
states ν as N = 2νµBH with µB = |e|h¯/2mc. The en-
ergy difference per one state δE is related to the magnetic
field deviation δH from the magnitude at which the the
thermodynamic phase transition occurs via δE = µBδH .
The result (1) is valid as long as δE/∆≪ 1, the general
case ∆ ∼ δE is more complicated and we leave it for
future study. The meaning of our answer (1) can be un-
derstood as follows. The probability of a single tunneling
process is (δE/∆0)G, then the probability of having N of
them simultaneously in order to transit to paramagnetic
state is simply [(δE/∆0)G]
N .
The model. We consider a system of a superconducting
grain and a metallic plate coupled via weak tunneling
Hˆ = Hˆg + HˆM +
∑
k,k′
tkk′ [ψˆ
†
kσ dˆk′σ + dˆ
†
k′σψˆkσ)]. (2)
where Hˆg and HˆM are the Hamiltonians of the grain and
metallic plate, ψˆ†(ψˆ) and dˆ†(d̂) are the creation (annihi-
lation) operators of electrons of the grain and of the metal
respectively and tkk′ is the electron tunneling matrix ele-
ment between the grain and metal. Electrons of metallic
plate are described by the free-fermion Hamiltonian
HˆM =
∑
k′
dˆ†k′σ ζσk′ dˆk′σ.
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while the grain is described by the BCS model
Hg =
∑
k
ψ†k [ ξk − hσz ]ψk
− λ
∑
k1,k2
ψ†k1↑ψ
†
k1↓ψk2↓ψk2↑, (3)
where ξk are the exact eigenvalues (measured with re-
spect to the chemical potential) of the noninteracting
Hamiltonian, λ is the coupling constant, and the mag-
netic field h, pointing along the z− axis, is measured in
the energy units h = µBH.
Quantum tunneling. The amplitude of the tunneling
process between the initial and final states is
A =< f | Tt e−i
∫
tf
ti
Hˆ(t) dt | i >, (4)
where the Hamiltonian Hˆ(t) is written in the interac-
tion representation: the noninteracting part includes the
metal Hamiltonian HM and the first (free-fermion) term
of grain Hamiltonian (3) while the interaction part in-
cludes the BCS interaction and electron tunneling be-
tween the grain and metal. We will consider a process of
quantum tunneling from pure superconducting state (ini-
tial state) to the paramagnetic state with order parame-
ter ∆ = 0. The electron tunneling between the grain and
metal will be treated as a perturbation assuming that the
tunneling matrix elements tkk′ are small. The paramag-
netic state has a nonzero total spin S which is formed by
the polarized electrons with |ξk| < ξ˜ such that S = νξ˜.
During the quantum tunneling process the spin of the
grain increases from zero to S, thus there must be 2S
electron tunneling processes between the grain and metal
and first nonzero contribution in expansion of Eq.(4) in
tunneling element emerges only in N = 2S order. It
is clear that the paired states which are destroyed by
the electron tunneling are those with |ξ| < ξ˜. Expanding
Eq.(4) it t we have
A =< f |
∏
|ξk|<ξ˜
∫
dtk Tt e
−i
∫
tf
ti
Hˆ(t )dt∑
k′
tkk′
×[ψˆ†k σ(tk)dˆk′σ(tk) + dˆ†k′σ(tk)ψˆk σ(tk)] | i > . (5)
In the absence of coupling between the grain and metal
the initial and final states of the system are the products
of the corresponding initial and final states of the grain
and metal |i >= |iG > |iM >, |f >= |fG > |fM >,
thus in the leading order in tunneling matrix element the
quantum mechanical average of operators dˆ in (5) can be
directly implemented. Since the total spin of the metallic
plate decreases during the quantum tunneling process the
only relevant matrix elements are those that correspond
to creation of electrons with spin down and annihilation
of electrons with spin up
< fM | d†k↓(t) |iM >= eiζk↓ t, ζk↓ > 0
< fM | dk↑(t) |iM >= ei|ζk↑| t, ζk↑ < 0.
The initial state of the metal is the Fermi sea while its
final state having N electron-hole excitations is charac-
terized by the set of excitation energies ζ
{p}
k′α where the
index k′ labels the quantum number of the excitation p.
Now assuming that tunneling matrix elements are index
independent tk,k′ = t the amplitude can be written as
A = tN < fG|Tt
∏
|ξk|<ξ˜
∫
dtke
−i
∫
tf
ti
Hˆ(t)dt ∑
Per p(k)
eiζ
{p(k)}
k′
tk
×[ψˆ†k↑(tk) θ(−ζ{p(k)}k′ ) + ψˆk↓(tk) θ(ζ{p(k)}k′ )] |iG > (6)
where the sum goes over all excitation permutations p(k).
Since we consider only the case δE << ∆ we can simplify
the problem assuming that the energy of a typical excita-
tion in the metal is much less than ∆. In this case we can
neglect the energies ζ
{p}
k′ in (6) and using the Heisenberg
representation we write the amplitude (6) as
A = N ! tN < fG|
∏
|ξk|<ξ˜
∫
dtk [ψˆ
†
k↑(tk) θ(−ζ{p(k)}k′ )
+ψˆk↓(tk) θ(ζ
{p(k)}
k′ )] |iG >, (7)
where a specific permutation p(k) was chosen.
The probability P of the tunneling process is obtained
by integrating of A∗A over all possible quantum states of
the metal
P ∼ ν
N
M
N !
∫
dζ{1}..dζ{N} A∗Aδ(N δE −
∑
p
|ζ{p}|), (8)
where νM is the density of states of the metal.
τ
−T T
∆
FIG. 1. Dependence of the order parameter ∆ on time
τ. The region τ > 0 is the mirror reflection of the “physical”
region τ < 0. The superconducting state corresponds to the
regions |τ | > T while the paramagnetic one to |τ | < T.
To find the value of A we shall use the instanton
method turning to use the Euclidean time t→ −iτ. Tak-
ing initial and final times as τi = −∞, τf = 0 we present
the amplitude A as
A = N ! tN < fG|S(0,−∞) |iG >
with the evolution operator
S(τ2, τ1) =
∏
|ξk|<ξ˜
∫ τ2
τ1
dτk [ψˆ
†
k↑(τk) θ(−ζ{p(k)}k′ )
+ψˆk↓(τk) θ(ζ
{p(k)}
k′ )]. (9)
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In principle, the instanton method should be applied to
the amplitude A directly, but it is more convenient to
consider the product A∗A presentingA∗ asA∗ = N ! tN <
iG|S†(∞, 0)|fG > and writing the product A∗A as
A∗A = < iG|S†(∞, 0) |fG >< fG|S(0,−∞)|iG >
= < iG|S†(∞, 0)S(0,−∞) |iG >,
where it was used that by construction the Euclidean evo-
lution operator S brings the grain from initial |iG > to
the final |fG > state: S |iG >= |fG > . Now the instan-
ton process has the following structure (see Fig.1.): the
evolution begins at τ = −∞ from the superconducting
state, then at τ ≈ −T the system turns into the para-
magnetic state and stays there till it turns back to the
superconducting state at τ ≈ T. The artificial part of the
process (τ > 0) is the mirror reflection of the “physical”
process with τ < 0. The advantage of this representation
is that now the new initial (τ = −∞) and final (τ =∞)
states are identical and therefore we can use the conve-
nient functional representation for A∗A
A∗ A = [N ! tN ]2
∫
Dψ†Dψ e
∫
Ldt
∏
k
∫
dτ1kdτ2k
×
[
ψk↑(τ1k)ψ
†
k↑(τ2k) θ(−ζ{p(k)}k′ )
+ψ†k↓(τ1k)ψk↓(τ2k)θ(ζ
{p(k)}
k′ )
]
, (10)
with the Lagrangian
L = − 1
λ
∆∗∆−
∑
k
ψ†k[∂τ + ξk − hσz ]ψk
−∆ψ†k↑ψ†k↓ −∆∗ ψk↓ψk↑. (11)
The integration over the fermionic fields in (10) should
be implemented exactly while the assumed integration
over ∆(τ) will be done with the saddle point accuracy.
Now taking integrals in (8) for the probability we obtain
P = eN ln(N δE t
2 νM )
∫
Dψ†Dψ
∏
k
∫
dτ1kdτ2k
×e
∫
Ldτ [ψk↑(τ1k)ψ
†
k↑(τ2k) + ψ
†
k↓(τ1k)ψk↓(τ2k)],
and finally integrating over the fermionic fields we obtain
lnP = N ln(N δE t2 νM ) +
∑
k
Tr ln[∂τ +Hk]
− 1
g
∫
dτ ∆∗(τ)∆(τ) +
∑
k
lnZk, (12)
where Zk = Tr
∫
dτ1dτ2 Gˆ1k(τ1, τ2),
Hk(τ) =
[
ξk − h ∆(τ)
∆∗(τ) −ξk − h
]
, (13)
and the matrix Green function
Gˆ1k(τ1, τ2) =
[
G1k(τ1, τ2) F1k(τ1, τ2)
F †1k(τ1, τ2) G¯1k(τ1, τ2)
]
. (14)
is defined by the equation
[∂τ1 +Hk(τ1)] Gˆ1k(τ1, τ2) = δ(τ1 − τ2). (15)
Instanton equations. To find the instanton equations
we take the functional derivative of Eq.(12) with respect
to ∆∗ obtaining
1
λ
∆(τ) =
∑
k
f1k(τ) + f2k(τ), (16)
where the Green function f1(τ) = F1(τ, τ) emerges form
the variation derivative of Tr ln[∂τ +Hk] in (12) and f2
emerges from the functional derivative of the Green func-
tion Gˆ1
f2(τ) = Z
−1
k
δ
δ∆∗(τ)
∫
dτ1dτ2 TrG1k(τ1, τ2). (17)
Combining Eq.(15) with the same equation written in
the transposed form one can find the equation that de-
fines the function f1 in terms of only diagonal Green
functions
∂τ gˆ1k(τ) + [H0k(τ), gˆ1k(τ)] = 0, (18)
where
gˆ1k(τ) =
[
g1k(τ) f1k(τ)
f †1k(τ) g¯1k(τ)
]
= Gˆ1k(τ, τ), (19)
and H0 is given by Eq.(13) with h = 0. Writing Eq.(18)
in components we get
∂τ g˜1k +∆f
†
1k −∆∗f1k = 0,
∂τf1k + 2ξkf1k − 2∆g˜1k = 0,
−∂τf †1k + 2ξkf †1k − 2∆∗g˜1k = 0, (20)
∂τsz1k = 0, (21)
where the variables g˜1 = [g1k − g¯1k]/2, sz1k = −[g1k +
g¯1k]/2 were introduced instead of components g1 and
g¯1. Eqs.(20) are very similar to the well known Eilen-
berger [7] equations and posses the same invariant g˜21k+
f †1kf1k = const. Now we turn to the function f2(τ) : Us-
ing the definition of the Green function (15) one can take
the variational derivative in Eq.(17) obtaining
f2k(τ) = −Z−1k [f IIk (τ)gIk(τ) + g¯IIk (τ)f Ik (τ)] (22)
where gIk, f
I
k are the components of the matrix Green
function
gˆIk(τ) ≡
[
gIk(τ) f
I
k (τ)
f †Ik (τ) g¯
I
k(τ)
]
=
∫
dτ2Gˆ1k(τ, τ2) (23)
and f IIk , g¯
II
k are the components of the matrix Green func-
tion gˆIIk (τ) =
∫
dτ1Gˆ1k(τ1, τ). Equations that determine
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the functions gˆI and gˆII can be easily found by integrat-
ing Eq.(15) over τ2 and transposed Eq.(15) over τ1
∂τg
I
k(τ) +Hk(τ)gIk(τ) = 1
− ∂τgIIk (τ) + gIIk (τ)Hk(τ) = 1. (24)
Initial and final conditions. Initial and final condi-
tions should be formulated for the Green function gˆα,βk (τ)
which is defined with respect to the evolution operator
S†S,
gˆα,βk (τ) =
< iG|S†(∞, 0)S(0, τ)ψˆαk ψˆβ†k S(τ,−∞) |iG >
< iG|S†(∞, 0)S(0,−∞)|iG >
where a negative τ was chosen for concreteness. To find
the function gˆk(τ) in the functional representation we
add the source term
∫
dτµαβk (τ)ψ˜α(τ)ψ˜
†
β(τ) where ψ˜ is
the Nambu spinor to the Lagrangian (11) and take the
variation derivative of (12) with respect to µαβk (τ) ob-
taining
gˆk(τ) = gˆ1k(τ) + gˆ2k(τ),
where gˆ1k is defined by Eq.(19) and the function
gˆ2k(τ) =
[
g2k(τ) f2k(τ)
f †2k(τ) g¯2k(τ)
]
is related with gIand gII by
gˆ2k = −gˆIk gˆIIk /Zk. (25)
In the superconducting phase (|τ | ≫ |T |) the function
gˆk should coincide with the equilibrium superconducting
Green functions
g˜k = ξk/2Ek, fk = ∆/2Ek, f
†
k = f
∗
k , sz = 0 (26)
where Ek =
√
ξ2k +∆
2, g˜k = [gk − g¯k]/2, szk = −[gk +
g¯k]/2. The function g˜ is directly related with electron
density on the level k by nk = 1−2g˜k and the function szk
is the z-component of the spin on the level k. Analogously,
in the paramagnetic phase the Green function gˆ is
g˜k = fk = f
†
k = 0, szk = 1/2 for |ξk| < ξ˜ (27)
g˜k = signξk/2, szk = fk = f
†
k = 0 for |ξk| > ξ˜. (28)
In the absence of tunneling the physical Green function
gˆ would coincide with gˆ1 that obeys equations (20,21)
conserving the quasiparticle spin. Therefore the function
gˆ1 in the paramagnetic state obeys the boundary condi-
tion (28) for any ξ while in the superconducting state it
obeys the boundary conditions (26), so that gˆ2 → 0 in
the superconducting phase.
Numerical solution. Solution of Eqs.(20) satisfying the
necessary boundary conditions for a given configuration
of the order parameter ∆(τ) can be easily found numeri-
cally. To find the components of the function gˆ2 one first
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FIG. 2. The normalized order parameter ∆(τ )/∆0 (dashed
line) and the normalized total spin 2S(τ )/N of the grain as
functions of on τ ′ = τ − T at the boundary τ ∼ T between
the superconducting (left) and paramagnetic (right) states.
needs to solve Eqs.(24) numerically and then find the
components gˆ2 according to Eq.(25). Knowing the func-
tions gˆ1 and gˆ2 for a given configuration ∆(τ) one can
find the self-consistent configuration of ∆(τ) satisfying
Eq.(16). This self-consistent solution ∆(τ) along with the
total spin of the grain S(τ) at the right instanton bound-
ary is presented on Fig.2 (solution at the left boundary
can be obtained as the mirror reflection of that on the
right one). Substituting the functions ∆(τ) and gI , gII
into Eq.(12) and calculating the term Tr ln[∂τ +Hk] by
the method described in [8] one obtains the result (1).
Conclusions. In conclusion, we have found the proba-
bility of the quantum transition between superconduct-
ing and paramagnetic states of a nanometer size super-
conducting grain weakly coupled to a normal metallic
plate. Our result (1) obtained formally in the limit of
T → 0 is general and remain valid at finite temper-
atures as long as T ≪ δE. At higher temperatures,
δE ≪ T ≪ ∆, the characteristic energy δE in the ex-
ponent of Eq.(1) has to be substituted by temperature
T . However, finding numerical coefficient β in this case
requires a more advanced study.
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